3.0.1 Closed subgroups of R".

Definition 3.0.2. A closed subgroup I is said to be a lattice if there
exists a linearly independent set {vy, vy --- v} in an Euclidean space R"
satisfying

k
F:{Zmivi:miEZ}.
1

Remarks 3.0.2. 1. If T" is a lattice then it is a nontrivial discrete
closed subgroup of R™.

2. In what follows we show that any nontrivial discrete closed subgroup
of R™ is a lattice.

Proposition 3.0.2. IfT' is a closed discrete subgroup of R™ then I is a
lattice.

Proof. Without loss of generality assume that the span of I' equals R"™. We
shall prove by induction on the dimension of spaces.

For every linearly independent set {v1,vy---vi} in I' let W}, denote the
vector subspace spanned by {vy,ve - v} .

Claim: There exists a basis {v1, v+ v, } in I' such that
I'={31miv;:m; € Z}.

Sublaim: For every k satisfying 1 < k < n there exists a linearly
independent set {vy,vy - v} in I' such that

Fka:{Zlfmwi:miGZ}- (1)

Suppose that the subclaim is valid for k < n. If {vy,ve--- v} satisfies (})
let v belong to I' \ W.

Let B = {3} aivi:0 < a; <1} Then d(v, ) > 0. Let d = d(v, F). Then
consider B = {w € R" : d(w, F) < d}. Then E C E; and v belongs to Ey.
Observe that the set I' N Ey is finite and so (I'\ W) N Ej is finite and v
belongs to (I' \ W) N E4. There exists vg1 belonging to (I'\ W) N Ey
such that d(vgi1, F) < d(w, E) for every w € T'\ W

We shall show that d(vgi1, Wi) < d(w, W) for every w € '\ Wy.
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Fixwin T\ Wy. If y = Zlf a;v; with «; belonging to R, let z = Zlf[ai]vi
where [a] is the greatest integer less than or equal to . Then y — 2
belongs to F, and w — z belongs to I' \ Wj. Therefore,

d(vg+1, Wi) < d(vg41, E) < d(w — 2, E) < d(w — 2,y — 2) = d(w, y).

Let W41 denote the k£ + 1 dimensional subspace of R™ with the basis
{v1,v9 - vEy1}. We shall show that ' N Wy, = {ZlfH m;v; 1 my; € Z} .

Let v = Y7 ayv; be in T'N Wiy p. Assume that o] is not zero. Now,
x = v — [ag+1]vgs+1 belongs to I'\ Wy and

d(xz, Wy) = d((ors1 — [org1]) Vg1, Wi) = (pg1 — [ors1])d(vp1, Wh)

Since (a1 — [og+1]) is smaller than 1 we have (ag4+1 — [ag+1]) = 0. That
is a1 1s an integer. Also since v — ag41vk11 belongs to I' N Wy, we have
a; belongs to Z, for all j, 1 < j < k. It is trivial that if [ag41] is zero then
also the assertion holds.

Hence the claim.

O]

Proposition 3.0.3. If H is a non-trivial closed subgroup of R™ and if H
18 not discrete, then there exists a nonzero vector v in R™ such that R - v is
contained in R"™.

Proof. Let {h,},2 | be a sequence in H converging to 0. Assume that
hy # 0 for all n. Let us take a subsequence if necessary and assume that

the sequence {”Z—Z”} converges to v. in R"™. We show that av belongs to H,

for every « in R. Since a,, = m tends to oo and 1 < [‘;—Z] <1+ ﬁ and so
lim,, 22 =
[an]
«
av = lim a—— = lim——h
no bl n bl "
= limayh,
n

a
= lim —=[ay)hn
n [ay)]

= lim[ay,]hy,
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Since [an|h, belongs to H, we see that av belongs to H for all « in R.

Theorem 3.0.4. Let H be a closed subgroup of R™. Then H is
topologically isomorphic to RY x Z™ for some €, m. with £ +m = n.

If H is not discrete, then there exists v1 such that the subspace spanned by
v is contained in H. Passing to quotient spaces, we assume that k is the
largest number so that the vector space Wy, spanned by {vi,ve--- v} is
contained in H. Consider the quotient group Wik in the Euclidean space
%7;. For any subgroup K of G any subgroup K’ of G containing K is
closed if and only if 7(K') is closed in G/K. Therefore the quotient group
H /Wy is closed in the Euclidean space {1,%. Also, it is discrete by the
definition of k. Therefore, H/Wj, is given by Z™ x RP for some p. Finally
H =RF x Z™ x RP. Hence the theorem.



